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TYPES OF LYAPUNOV FUNCTIONS AND GLOBAL STABILITY

Abstract. The stability analysis of dynamical systems is a critical aspect
of understanding their behavior and ensuring reliable performance in various
applications. Lyapunov functions play a pivotal role in this analysis, offering a
powerful mathematical tool to assess the stability of equilibrium points. Despite
the fact that at the moment there is no general method for finding the Lyapunov
function, this review explores the diverse landscape of Lyapunov functions and
their contributions to achieving global stability in dynamical systems. Examples
of epidemic models and their Lyapunov functions with the graphical
implementations in Python in different reproduction numbers are included for
deeper understanding. In addition, the history of the Lyapunov global asymptotic
stability theorem was considered shortly. Possible further research ideas in this
area are included at the end.

Keywords: Lyapunov functions, global stability, dynamical systems,
SIR, SEIR, stability.

Introduction

Lyapunov stability theory was developed by Aleksandr Lyapunov, a
Russian mathematician in 1892, and came from his doctoral dissertation. Until
now, the theory of Lyapunov stability is still important to the stability theory of
dynamical systems.[4] Knowing whether the dynamical system is globally stable
or not is very important, because for example we can decide is epidemic
dangerous or not. This allows engineers, mathematicians, and scientists to design
reliable and efficient control strategies.

Definition 1: A function L: R™ — R is positive definite (PD) if
e L(z)>0forall z
e L(z)=0ifandonlyifz=0
e all sublevel sets of L are bounded
last condition equivalent to L(z) — o as z — oo.

Theorem 1: Suppose there is a function L such that

79


mailto:yerimbet.aitzhanov@sdu.edu.kz
mailto:shirali.kadyrov@oxusuniversity.uz

SDU Bulletin: Natural and Technical Sciences. 2024/1 (64)

e L is positive definite

o L(z)<O0forallz#0,L(z)=0
then, every trajectory of x = f(x) converges to equilibrium point as t — o
(i.e., the system is globally asymptotically stable). Where z = x(t); x = f(x). [5]

In other words, according to the theorem, if a Lyapunov function can be
identified that is positive definite, radially unbounded, and exhibits a negative
definite time derivative along system trajectories, then the equilibrium point
under consideration is globally asymptotically stable. This theorem 1 is called
the Lyapunov global asymptotic stability theorem. Finding the Lyapunov
function is the hardest part of proving the global stability of epidemic models
using Theorem 1. Because there is no general method to do it. Despite this fact,
we collected some known types of Lyapunov functions in the next chapter.

Types of Lyapunov functions

1. The logarithmic Lyapunov function proposed by Goh for Lotka-Volterra
systems:

—yn * o Xi
L(xq, Xg, oy xp) = E6i | X — x] — X} ln;
l

This function is derived from the primary integral of the well-known
Lotka-Volterra prey-predator system and gained prominence through a series of
publications by Bean-San Goh [10, 11, 12].

2. Common quadratic Lyapunov function, have been extensively exploited for
nonlinear and linear systems:

C.
n “t

=1 2 (xl - x;k)z

V(x1, %0, ey xp) =X

3. Composite quadratic function:

c
W(xll xZI :xn) = E [2?21(361. - x;)]z

4. Linear combination of infectious compartments:
L(xq, %3, o, Xp) = Z%,CiX;

5. Lyapunov functions are formulated as integrals encompassing the dynamics

of the model. Typically, the integration interval initiates at a designated Endemic

Equilibrium (EE) value x; and concludes at the same x;. This approach proves

advantageous when ensuring the uniqueness of the EE is guaranteed, even

though determining the precise values of the EE may pose analytical challenges.
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Integral Lyapunov functions prove particularly advantageous when the model
involves multiple stages of infection, leading to a transition from an exponential
distribution of the infectious period to a gamma distribution [1, 2, 6, 7, 8, 9].
These integral Lyapunov functions, albeit taking different forms, find
widespread application in models featuring explicit delays, such as systems of
Delay Differential Equations, and age-structured models.

Epidemic models

In this chapter, we use the above-mentioned types of Lyapunov functions
to prove the global stability of SIS, SIR, and SIRS epidemic models.

SIS model

Certain diseases do not provide enduring immunity, leaving individuals
susceptible to reinfection. These infections lack a recovered state, and
individuals may become susceptible again after being infected. A suitable model
for such diseases is the SIS type. In this model, the total population N is divided
into two compartments, where N equals the sum of individuals in the susceptible
class (S) and those who are infectious (I). The SIS model depicts a recurring
cycle wherein individuals move from the susceptible state (S) to the infectious
state (1) and back to the susceptible state (S), as illustrated in Figure 1.

A
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S BSI I oI S
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Figure 1: SIS model

The system of equations of model SIS [3]:

S
== A— BSI — uS I
It B us + ¢

a_ SI I
= PSI—(+tuta)

The parameters in the model are positive constants. The constant A
represents the recruitment rate of susceptibles, accounting for births and
immigration, while p denotes the per capita natural mortality rate. In our
assumptions, a disease has the potential to be fatal for some infected
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individuals; therefore, we incorporate deaths due to the disease in the model

using the disease-related death rate from the infectious class, denoted as a.
Additionally, ¢ signifies the rate at which individuals move from the infectious
class back to the susceptible class, without acquiring immunity.

The disease-free equilibrium (DFE) E° = (S°,1°) = (L—\ 0) and basic
AB
u(g+ p+a)’
by Next generation matrix method [13]. The term R, is characterized as the
mean count of secondary infections that arise when a single infectious
individual is introduced to a host population that is entirely susceptible.

Feasible region:

reproduction number R, = Basic reproductive number was found

G={(SNeER?: 520, 120, S+]< L—\}which is positively

invariant with respect to SIS model’s system of equations.

Theorem 2: The DFE E° is globally asymptotically stable in G if
Ry < 1.
Proof: To prove it we can define L: {(S,I) € G: S,I > 0}:

a+2
[(S—§0) + 112 + ==K
B
Obviously, L > 0 and L(S,,1,) = 0. The time derivative of L is not

positive if R, < 1:

L(S,I) =

N| =

dL 0no , (@+2p)(@+ p+ a)
= —u(s =5 = (u+ P - ;

Therefore, the DFE E° is globally asymptotically stable in G if R, < 1.

(1—-Ry)I
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Figure 2: SIS model Figure 3: SIS model
implementation in Python when R, < 1 implementation in Python
when R, > 1

Let’s consider the endemic equilibrium (EE) of the SIS model:

s _ (or ey — (S u(ptpta) _
Er=(s%1) = (RO’ B(a+2u) (Ro 1))'

Theorem 3: The EE E* is globally asymptotically stable in G if R, > 1.

Proof: To prove it we can define function using combination of
composite quadratic Lyapunov function and logarithmic Lyapunov function,

L:{(S,]) € G: S,I > 0}

a+2u(
I*

B

Obviously, L > 0 and L(S*,I*) = 0. The time derivative of L is not
positive if R, > 1:

L(S, ) =%[(5—5*)+(1—1*)]2+ 1—1*—1*zni)

dL
= (5 =5 = (u+ U~ 1')?

Therefore, the EE E* is globally asymptotically stable in G if R, > 1.

SIR and SIRS models

Certain infectious diseases provide lasting immunity, while others confer
temporary acquired immunity. These two types of diseases can be represented
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by the SIR model for permanent immunity and the SIRS model for temporary

acquired immunity. The total population N is divided into three compartments,
where N equals the sum of individuals in the susceptible class (S), infectious
individuals (I), and those who have recovered (R). The system of equations of
model SIR [3]:

(35 A= BSI - uS + yR
<d1— S1 (k+ u+ a)l
a- P KrtpTa
dR _ I—(u+ y)R

In this context, the parameters A, p, B, k, and a are positive constants,
while y is a non-negative constant. We assume that k denotes the rate at which
infectives recover. When individuals who have recovered gain permanent
immunity (y = 0), we have the SIR model. Conversely, when individuals acquire
temporary immunity (y # 0), it corresponds to the SIRS model.
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Figure 4: SIR and SIRS model

The disease-free equilibrium (DFE) E® = (S°,1° R?) = (L—\ 0,0) and

AB

basic reproduction number R, = G

Feasible region is:

G={(SLRYER®: 520, I20,R20, S+I+R< ;—‘}which is
positively invariant with respect to SIR and SIRS model’s system of equations.
Theorem 4: The DFE E° is globally asymptotically stable in G if
Ry < 1.
Proof: To prove it we can define L: {(S,I,R) € G: S,I,R > 0}:

a4+ 2 a4+ 2
MI+ #RZ

L(S,I,R) = 7 r

[((S—S)+I+R]*>+

N| =
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Obviously, L > 0 and L(S°,1°) = 0. The time derivative of L is not

positive if R, < 1:

dL

(a+2W)(p+y) ,
e _ R
dt

K

—ul(§ =S + R — (u+ a)I* —

(@+2p)(@+ ut a)
B

Therefore, the DFE E° is globally asymptotically stable in G if R, < 1.

(1-=RyI
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Figure 5: SIRS model Figure 6: SIRS model
implementation in Python when R, < 1 implementation in Python

when R, >

Let’s consider the endemic equilibrium (EE) of SIR and SIRS model:

SO u(ut Y)(et at p)(Ro—1) Kp(k+ a+ u)(Ro—l))
RO’ B(ku+(u+y)(a+w)) * Bleu+u+y)(a+w)/’

E* — (S*,I*,R*) — (
Theorem 5: The EE E* is globally asymptotically stable in G if R, > 1.

Proof: To prove it we can define function using combination of
composite quadratic Lyapunov function and logarithmic Lyapunov function,

L:{(S,I,R) € G:S,I,R > 0}

. . . T
[(5 =87+ U =1+ (R~ RO+ (1 - ring)

L(S,ILR) =

N| =
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a+ 2
2R - R

+2K

Obviously, L > 0 and L(S*,I*,R*) = 0. The time derivative of L is not
positive if Ry > 1:

d
= —ul(S — $)+ R— RO ~ (u+ @)1~ I)?

_(e+2p)(u+y)

> (R — R*)?

Therefore, the EE E* is globally asymptotically stable in G if R, > 1.
MecTo A4 ypaBHeHUH.

Conclusion

In conclusion, even though at the moment there is no general method for
finding the Lyapunov function, this review explored the diverse landscape of
Lyapunov functions and their contributions to achieving global stability in
dynamical systems. Examples of using Lyapunov functions for proving global
stability of different epidemic models considered. A further step in this area
could be constructing a general method of global stability looking at known
types of Lyapunov functions. As we already mentioned it is extremely important
for the whole of humanity.
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JIATTYHOB ®YHKIMSIIAPBIHBIH TYPJEPI J)KOHE JKAhAH/IBIK
TYPAKTBLIBIK

Anparna. J[uHaMHUKaIbIK XYHeJIepAaiH TYPaKThUIBIFbIH TaJIay OJIap IbIH
MiHE3-KYJIKBIH TYCIHYIIH JKOHE 9pTYpJi KojiganOamapAa CeHIMIi ©HIMIUTIKTI
KaMTaMachl3 eTyJIH MaHbI3bl acleKTUIepiHiH Oipi O6oibin TaObimaabl. Terme-
TEH/IIK HYKTEJCPIHIH TYPaKThUIBIFBIH OaFallayJblH KyaTThl MaTeMaTHKAJIbIK
KYpaJIbIH YCbIHA OTBIPHIN, JISImyHOB QyHKIMsIaphl Oy Tanaayaa Menymri pes
aTkapassl. Kazipri yakpitra JISmyHOB ()YHKIHACHIH TaOYABIH KaIIMbl 9JIiCi KOK
eKeHIHe KapamacTaH, Oyn mosyna JIAnmyHOB (GyHKUMSIIApBIHBIH OpTYpIIi
maHamadTel  JKOHE  ONApAbIH  JAWHAMUKANBIK  Kyhenepaeri >kahaHIbIK
TYPaKTBUIBIKKAa KOJI JKeTKi3yJeri yieci 3eprreneii. TepeHIpek TYCiHY YVIIiH
SMUACMUSIBIK ~ MOJENBIEPIIH  MBICAJIAAaphl  JKOHE oJapAsiH  JIsAmyHOB
bynkumsmapeiael Python Timinge ska3pUiFaH rpaUKaiblK iCKe achlpyiapbl
OpTYpi  PENmpONYKIMSUIBIK  caHAapMeH KamTbutraH. COHBIMEH — Katap
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JIAIYHOBTBIH FAaM/IbIK ACUMITOTHKAIIBIK TYPAKTHUIBIK TEOPEMACHIHBIH TAPUXbI
KbICKalla KapacThIpbulFaH OojatbiH. OChl camajarbl  BIKTUMAN  3€pTTEy
UJesIapbl apTUKIIIIH COHBIH/IA OepiIreH.
Tyiiin ce3gep: JlanyHoB ¢yHKUMsIApBl, FalaMIBIK TYPAaKTHUIBIK,
nuHaMuKanbIK xKyienep, SIR, SEIR, TypakTbuibIK
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TUNBI ®YHKIUM JSITYHOBA U TJIOBAJTBHAS
YCTOMYUBOCTH

AHHOTANUA. AHAJIN3 YCTOWYHUBOCTU JUHAMUYECKUX CHUCTEM SIBIISETCS
OJHMM U3 Ba)KHEHIIMX acCIEKTOB B INOHHMAHHH UX IOBEACHUS W 00eCIeUeHUS
HAJEeKHON pabOThl B pa3IUYHbIX MpuiIokeHusX. OyHkuuu JIsmyHoBa urparot
KJIIIOYEBYIO POJIb B 3TOM aHajdu3e, Mpemiaras MOIIHbIA MaTeMaTHYeCKUU
WHCTPYMEHT ISl OIICHKA YCTOMYMBOCTH TOYEK paBHOBecHs. HecMoTpst Ha ToO,
YTO HA IAaHHBI MOMEHT HE CYIIECTBYET OOIIero MeToa Hax0XACHUS (YHKITUN
JIsmyHOBA, B 3TOM 0030pe MCCIeAyeTCsl pa3HOOOpa3HbIi JaHAmAa(PT QyHKIUN
JlsmyHOBa W WX BKJIAI B JOCTIKEHHE TJIO0AIBHOW YCTOWYMBOCTH B
TUHAMUAYECKHX cuctemax. [[ns Oosiee riayOOKOro TOHMMAaHHS BKIIOYCHBI
mpuMepsl Mojenel snuaeMuid U ux GyHknuid JlsmyHoBa ¢ rpadudeckumu
peanu3anusiMu Ha Python B pa3HbIX ymciiax Bocmpou3BojicTBa. Kpome Toro,
KpaTKO  paccCMOTpEHa HCTOpHs TeopeMbl JlsamyHoBa o0  Tri100anbHOM
ACHUMNTOTHUYECKOM  YCTOMYMBOCTH.  BoO3MOXHBIE  HJeHM  JaJIbHEUIIHMX
HCcCe0BaHUM B ATOM 00JIaCTH MPUBEICHBI B KOHIIE.

KiroueBbie ciaoBa: OyHkiuu JlsmyHoBa, TiobanbHas yCTOWYMBOCTD,
nuHamuyeckue cucremsl, SIR, SEIR, ycTOWYHUBOCTS.
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