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algebra. In this work we study Ss-module structures of free anti-commutative
algebra of degree 8.
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Introduction

An algebra A over a field K is called anti-commutative if for all elements
a, b € A, the following identity holds

ab = —ba. (1)

Among the various papers, we consider as fundamental Kass and Witthoft’s
research for anti-commutative algebra of degree 4 with method of irreducible
identities in 1970[4]. The key novelty of their study was using Osborn’s
method.[5] Similar works with aim to find S;-module decomposition of free
algebra can be seen in Yu. A. Bakhturin’s [2] and C. Reutenauer’s papers [6].
In [1] Bremner considered Sn-module structures of free anti-commutative
algebra of degree n < 7. Our aim in this work is to investigate Ss-module
structures of free anti-commutative algebra of degree 8. In our investigation we
will use elements of the theory of symmetric functions such as the plethysm of
Schur functions.

Statement of Main Result

k . .
Let I be a space generated by kth binary tree with n leaves. Let S*bea
Specht module for partition A - n. Let K be a field of characteristic zero. All
algebras, vector spaces and modules we consider will be over field K.

Theorem. As Ss—module

Pg(l) ~ gLLLLLLLL gy g. G2LLLLLL) g 5. §22L1LL1) g 1g. §22.21.1) gy g. §(2.2.22)
©15. SELLLLY g 40. §B21L1) ¢ 40 . §B:221) g 30. gB3LY g 91 . §(3:32)
&) 20 - 5(4,1,1,1,1) @45 ) S(4,2,l,l) @26 ) S(4"2’2) ) 30 - S(4,3,l) &) 5. S(4,4)
®15-SGLID g og. 621 g 9. 563 gy6. 561D 5. 562 g (71
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P8(2) o~ 5(271:111’17111) @ 4 . 5(2721171’1:1) @ 6 . 5(272527171) @ 3 . 5(2125272)
D 4 - 5(3,1,171,131) D 12 - 5(3,2,1,1,1) @ 12. 3(3,2,2,1) @ S . 5(3,3,1,1) @5 . S(3,3,2)
@ 6 . 5(471:1,171) 69 12 . 5(472:1’1) @ 6 . S(4=272) 69 5 . 5(473:1) @ 4 . S(S,lalal)
D 4 - 5(5,2,1) @ S(G,l,l)

Péli) ~ GLLLLLLLL) oy 5 g(2LLLLLL) gy 1. §(22LL1L1) g3, §(2.2.2,1,10) ¢y 6 . §(2,2,2,2)
®10- SGLLLLY @yog. gB:21L11) gy 93, g(3:2.21) gy 16. §B3L1) gy 11 . §(3:3:2)
@10 SELLLY g o1 . g4211) g 19. §(42.2) gy 13. §@31) g 2. g44)
®5-SGLLD g g. g6:21) g 3. g(5:3) gy g6:1.1) gy g(6.2)

P8(4) ~v 5(2,1,1,1,1,1,1) o 3. 3(2,2,1,1,1,1) @ 4 - 8(2,2,2,1,1) @ 2. 8(2,2,2,2)
©3. §BLLLLY g 7. gB.2111) ;7. gB3221) g 4. gB3L1) g 3. g(3:32)
© 3. §ULLLY oy, gA2L1) 5 3. g(422) @y . gHA3.1) g gB.111) g g5:2,1)

PS(S) ~ ¢(1,1,1,1,1,1,1,1) @5 §@LLLLLY g 7. §(2:2.1,1,1,1) ®13- §(2:2,2,1,1) D6 - §(2:2,2,2)
®10- SGLLLLY g og. ¢B.21L11) 93, ¢(3:2.21) g 16. G311 g 11 . §(3:3:2)
@10 SGLLLY @91 . g(4211) gy 19. §42.2) ¢y 13. §(43.1) gy 9. §(44)
@5 SGLLD gyg. §6:21) gy 3. §(6:3) gy G(6:1,1) gy G(6,2)

PS((»‘) =~ g(1L111,1,1,10) ®3- g(2:1,1,1,1,1,1) D6 - §(2,2,1,1,1,1) ®T- §(2,2,2,1,1) @3- 5(2,2,2,2)
@ 4. BLLLLY g 19, gB21L11) g 11, §B3:221) g 9. gB3L1) gy 5. §(3:32)
@4.§ELLLY 11 . @201 gy 5. §(422) g 7. g1 g g(44)
®3- 5(5,1,1,1) D4- 5(5,2,1) D S(s,.'i) o 5(6,1,1)

PéT) ~ gLLLLLLLY 5 G2 LLLLLL gy 17 . §220LL1L1) o3, g(222.11) 5 6. §(2:2.2.2)
@10 SGLLLLY 9. gBG2LL1) g o3, g(3:22.1) g 16. G311 g 11. §(3:3.2)
@10 SOLLLY gy o1, g@211) 19, §(12.2) 413, g(43.1) 9. g(44)
@5 §(5.1,1.1) B8 §(5:2.1) @3- Séﬁ.‘d) ® 5(6.1,1) @ 5(6.:2)

p8(8) ~ g2111111) gy 3 g(2.21,1,11) gy 4. §(2:2.2.11) gy 9. §(2,2,2,2)
@3- §BLLLLY g7 gB2L1L1) g7 g(3221) gy . g3:3.11) 5 3. §(3.3.2)
@3- §WLLLD @y 5. 4211 o3 g(42.2) 9. g(3.1) g gBG,L1L1) gy g(5:2,1)

PS(Q) o~ S(l,l,l,l,l,l,l,l) @4 - 5(2,1,1,1,1,1,1) o8- 5(2,2,1,1,1,1) @®9. 3(2,2,2,1,1) 4. S(2,2,2,2)
D6 - 5(3,1,1,1,1,1) @14 - 5(3,2,1,1,1) 13- 8(3’2’2’1) D9 5(3,3,1,1) @6 - S(3,3,2)
o4 S(4,1,1,1,1) @10 - 5(4,2,1,1) o5 S(4,2,2) D7 S(4,3,1) D S(4,4)
o4- S(S,l,l,l) @5 - S(5,2,1) @ S(5,3) o) S(G,l,l)

16



SDU Bulletin: Natural and Technical Sciences. 2024/2 (65)

Pélﬂ) ~ gLLLLLLLY g5 (2 1LLLLLL) g 17 . §(221111) g3, g(222,1.1) g g . §(2:2,2.2)
©10- §GLLLLY gog . gB.21L1L1) 593, ¢(3.2.21) o 16. gB31L1) g 17 . §(3.3:2)
@10 SELLLY gyo1 . gM211) ¢y 19, §(4.2:2) gy 13. g31) gy 0. g4
@5. §GLLY g, g(B:21) 5y 3. g5:3) g g(6.1.1) g g(6:2)

pg(ll) o gRILLLILY gy 3. g(221111) gy 4. g2221.1) gy 9. §(22,2.2)
69 3 N S(S,l,l,l,l,l) @ 7 . 5(3,2,1,1,1) @ 7 . 5(3,2,2,1) @ 4 . 5(3,3,1,1) @ 3 . 5(3,3,2)
@3- SHLLLY @5 . G211 gy 3. g(4.22) gy 9. g(43.1) gy gB.LLL) g g(5.2.1)

P§12) ~ g(1L1LL1L1,1,1,1) D5- 5(2,1,1,1.1,1 1) ®11- 5(2.21,1.1,1) ®13- 5(2.2.2.1.1) D6 - 5(2.2.2.2)
@10 SGLLLLY gy og . §B:2LL1) o3, §(3:2.21) gy 16. §3:3.11) gy 11 . §(3:3.2)
®10- §A11,1,1) ® 21 S CRARY] ®12- §4:2,2) ®13- §4:3.1) ®2- g4
@5 - S(S.l.l,l) o8- 5(521) 3. 5(5.3) @ S(G.l.l) @ S(()'Z)

Péli’)) o~ gLLLLLL 3. g(22,1L11) ¢y 4. §(2:22,L1) g 9. §(2:22.2)
@3.§BLLLLY g7 gB21L11) g 7. g(3:221) ¢y . ¢B.31.1) g 3. g(3:3,2)
@3 i S(4,'l,].,'l_,'l) @5- 5(4,2,],]) @3 i 5(4,2,2) @ 9. S(4.,3,'l) @ S(E),'l,].,'l.) oy S(5,2,1)

P8(14) o~ gLLLLLLLY g 621111511 g ¢(221L11L1) o g, ¢(22.21,1) o 4. §(2:2,2.2)
@6 §ELLLLY 514 . §BG2LL1) 513, gB3:221) g g. gB3L1) g 6. §33.2)
@4 §ELLLY g 211 o5 ¢(4.22) g . g43.1) g g(4.4)
@ 4. 861D g 5. 56:21) gy §(5:3) gy g(6:1,1)

P = gRLLLLLY gy 9. g@21L1LL1) g 3. g(2:2:211) g g(2,2.2.2)
®2. §GLLLLY oy gB21L1L1) g g, §(32.21) ;9. gB3.11) 9. §(3,32)
@ SELLLY g 9. g42,11) oy g(4,2.2) ¢y g(4,3,1)

Pél(i) o~ S(l.l.l,l.l.l.l.l) @®5- 8(2.1.1.1,1.1‘1) oy 5(2,2,1.1.1.1) ®13- 5(2.2.2.1.1) @6 - S(2.2,2.2)
@10 - 5(3,1.1,1,1,1) @24 - S(3,2.1.1,1) @23 - 5(3,2.2,1) @ 16 - 5(3.3,1.1) ®11- 5(3.3.2)
® 10 - S(4,1.1.1.1) ® 21 . 5(4.2,1.1) @ 19« 5(4,2.2) @ 18- 5(4,3.1) ® 9. 8(4.4)
®5- S(S,l,l,l) o8- 5(5,2.1) ®3- 5(5.3) ® S(G,l,l) ® 5(6,2)

Pé'w) o 5(1,1,1,1,1,1,1,1) ®2. 5(2,1,1,1,1,1,1) ®5- 5(2,2,1,1,1,1) D4 5(2,2,2,1,1) ®3- 5(2,2,2,2)
2. §GLLLLY o7 gB21L1L1) g 6. §(3:221) g 6. gB31L1) g9, §(3.32)
®2- S @ 4. gUBLD 3. g122) g 3. SUBD g G4
@ S5, 1,1,1) ® §(5:2,1)
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Péls) ~ GLLLLLLLY 5. g21LLLLL1) ¢y 17 . §221L1L1L1) gy 13. g(22.2.11) g 6. §(2:2:2:2)
©10- §ELLLLY) g9y, gB.21L1L1) o3 g(3:221) g 16. §B:311) gy 11 . §(3:3.2)
©10- S@LLLY g 91 . g4211) g 19. g(42:2) gy 13. g@431) g 9. g(44)
®5.56GLLD 3. 5621 gy3. 6653 Séﬁ‘l'l) @ §(6:2)

Pélg) & gRLLLLLY g3 g(22,1,111) vy g(2:22.1.1) gy o . §(2:2:2,2)
®3. §GLLLLY) v ¢B3:2L11) gy gB3:221) ¢y . gB3311) g 3. g(3.32)
: . : 5,1,1,1 2,
®3- g.1.1,1.1) ®5- g4.2.1.1) @3- §(4.2.2) ®2. §4.3.1) & Sé ; ) & §(5:2.1)

szO) ~ GLLLLLLLY @5 G(2LLLLL1) 17, §(221L,L11) o 13, g(22.211) 5 g . §(2:2:2,2)
@10 SGLLLLY g9y . gB211L1) g o3, 6(3:22.1) ¢y 16. gB3L1) gy 17 . §(3:3:2)
®10- S@LLLY gy 97 . gA211) ¢y 19. §(4.22) gy 13. §@43.1) gy 9. G(4.4)
@5.8G:LLY) gg. g6G:21) 3. g(5:3) gy g6:1.1) gy §(6,2)

P8(21) ~ gRLLLLLY 3. g(2.2LL1L1) g 4. g(22211) g 9. §(2,2,2.2)
@3 §ELLLLY g7 ¢B21L1L1) g7, ¢(3.221) 5 4. ¢B331L1) g 3. g(33.2)
®3.9ELLLY 5. g@211) ¢y 3. g422) o, gU31) g gBLLI) gy g(5:2,1)

PP & g22211) g gBLLLLY g gB.2LLD) g g(3.221) g §B3.3.D) g g(421.D),

@ ®

Figure 1: Binary Tree 1

We will consider proof for Tree 1 and 22. First, let’s label each leaf with
numbers {1, 2, ..., 8} from bottom to top. See Fig. 1

Obviously, the group of symmetries of the binary tree 1 is Sym(T1) = ((12)).

Moreover, the binary tree 1 corresponds to the following non-associative
monomial

T1:=((((((12)3)4)5)6)7)8.

Now, we label each leaf of T2, by numbers {1, 2, ... , 8} in the following way

18
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Figure 2: Binary Tree 22

Lemma 1. Let 7' be the binary tree 1 and let 6 € S2 be a permutation. Then

oy =T, if o = (1),
oTy = =T, if o = (12).

Proof.
If o = (1), then it is clear. If 0 = (12), then

(12)- (((((((12)3)4)5)6)7)8) = (((((((21)3)4)5)6)7)8) = (1) =
(((((((12)3)4)5)6)7)8).

Lemma 2. Let S; be the symmetric group on set {1, 2}. Then
Sym(Ta2)== S22 (S22 ).
Proof. Set
a=(12), b = (13)(24), c = (15)(26)(37)(48).
Define bijective function f: Sym(T22) — Sz ¢ (S2 ¢ S) in the following way

f(a) = {[(12), (1); (D], [(D). (1); DT D}

f(b) = {[(1), (1); (12)], [(V), (1); (D]; (D)},
f(c) ={I(D), (D; (V1. [(D), (1); V] (12)}-.

Now let us show that the function f is a group morphism. Applying the function
ftosob, boa,aec, coa bocandcobhwe get

flaeb) = f(1324) = {[(1), (12); (12)],
flboa) = f(1423) = {[(1), (12); (12)],
flaoc) = f((1526)(37)(48)) = {[(1), (1); ( (D15 (12)};
fleoa) = f((1625)(37)(48)) = {[(12), (1); ()], [(1 (V)]s (12)};
f(boc) = f(1537)(2648)) = {[(1), (1); (12)], [(1), (1); (1)]; (12)};
fleob) = f((1735)(4628)) = {[(1), (1); ()], [(12), (12); (12)]; (12)} .

Now let’s compute+

[(1), (1); (D] (D}
(1), (D) (D] (D}
DI [(12), (1); (1)];

) (1); (1)];
1

12), (1); 1
(
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fle)- f(b) = {[(1), (1); (W], [(1), (1); (1)} (12)} - {[(1), (1); (12)], [(1), (1); (D] (1)}
={[(1), (1); (W], [(12), (12); (12)]; (12)}
Hence
flaob) = f(a)- f(b);
f(boa)= f(b)- fla);
flaoc)= f(a)- f(c);
flcoa)= f(c)- fla);
f(boc)= f(b)- flc);
fleob) = flc)- f(D).

O
Lemma 3. Let T2z be the binary tree and let o € S be a permutation. Then

o0T2 =To, if o = (1);
0T =—Ta, if o = (12);
0T =—Ta, if 0 = (13)(24);
oT22 =Tz, if o = (15)(26)(37)(48).
Proof. if o = (1), then it is obvious. If ¢ = (12), then
(12)- (12)(34)(56)(78)) = (2D)(BH)((6)(78)) = (1) = ~((12)(34))((56)(78))
If o = (13)(24), then

(13)(24)- ((12)(34))((56)(78)) = ((34)(12))((56)(78)) = (1) =
—((12)(34))((56)(78))
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If & = (15)(26)(37)(48), then

(15)(26)(37)(48)- ((12)(34))((56)(78)) = ((56)(78))((12)(34)) = (1) =
—((12)(34))((56)(78))

O

Proof of Theorem. Using Lemma 1 we get

1~ S — — - = - = — )
Py = I”d&xS]xslxslxslxsleZ(l& Qlg ®lg ®lg @1l ®1lg @ 152) B

§(L,1,1,1,1,1,1,1) ®6- §(2,1,1,1,1,1,1) ® 15 - §(2:2,1,1,1,1) @19 - §(2,2,2,1,1) ®9- §(2:2,2,2)
®15- g(3.1,1,1,1.1) P 40 - §(3.2,1,1,1) @ 40 - g(3.2,2,1) @30 - g(3.3,1.1) @21 - g§(33.2)
®20- SELLLY g y5. 2L gy 96. §42D) gy 30. SUAD g 5. g4
®15.-5GLLYD) yog. 86:21) 9. §0:3) . 5611 g 5. 662 5 g7.1)

Using Lemma 2 and Lemma 3 we get

22 ~u S —_ — —

To calculate this induced representation, we need the theory of symmetric
functions. We apply characteristic map on the induced representation above we
get the following plethysm of Schur functions

Ch(Indg'szl(SzlSz)(1§2 ® (]'Ez ® 1§z)) -

= S(1,1) © (8(111) o 5(1,1))'

Calculating the plethysm above we get

s, © (S(1,1) °5(1,1) = S2.221.1) + 53,1,1,1,1,1) T 53,2.21) T S4,2.1.1)

O
2 21 . ..
The rest s — 5 are proven in a similar way.
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EPKIH AHTU-KOMMYTATHUBTI AJITEBPAHBIH S s-MO/JYJIb
K¥PbBIJIBIMIA PbI

Anparna. ab = - ba Tewmirin KaHaraTTaHABIPATBIH ajredpa aHTH-
KOMMYTaTUBT1 anrebpa jaenm aranansl. byn skympicta 013 mopexkeci 8 aHTH-
KOMMYTATHUBTI aJIreOpaHbIH CUMMETPHSUIBIK KYPBUIBIMIIAPBIH 3€PTTEHMI3.

Tyitin-ce3aep: AHTHU-KOMMYTaTHBTI anredpa, CUMMETPHSLITBI
dyukumsmap, Ilyp  QyHKUMsIapsl, OMHAPIBI  aFamTap  On-MOIYIbIIK
KYPBUIBIMJIAp.

A60vi6ex blovipuict
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*e-mail:abdibek.ydyrys@sdu.edu.kz

Ss-MOJYJbHBIE CTPYKTYPBI CBOBOIHOM AHTH-
KOMMYTATHUBHOM AJITEBPHI

Angarma. Anrebpa ¢ ToxxaectBom ab = —ba Ha3bIBaeTCs aHTH-
KOMMYTaTHBHOM anredpoil. B nanHOi paboTe Mbl H3y4aeM CUMMETPUYHbIE
MOJ1yJIbHBIE CTPYKTYPBI CBOOOIHON aHTU-KOMMYTATUBHOM aiareOpsl cTeneHu 8.

KiroueBble cj10Ba: aHTHU-KOMMYTaTHBHas airedpa, CUMMETPUYHBIE
dynkimn, Gpynxun [lypa, GuHAPHEIE AePEBbs, Sr-MOIYIbHBIE CTPYKTYPHI.

Received 12 April 2024

22


mailto:abdibek.ydyrys@sdu.edu.kz
mailto:abdibek.ydyrys@sdu.edu.kz

