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GENERALIZED CONTINUED FRACTION EXPANSION FOR EULER
CONSTANT

Abstract. The theory of continued fractions is one of the oldest fields of
number theory going back as far as Euclid 300 BCE. As opposed to generalized
continued fractions, the theory of simple continued fractions is well-developed
and finds many applications in various fields. In this article we consider a
problem of elegant representations of famous mathematical constants with
generalized continued fraction and prove that the Euler constant e satisfies the
generalized continued fraction formula

e __,, L 4 8 12
-2 -2+ —4+-6+-8+"

This is one of the conjectures generated in www.RamanujanMachine.com using
machine learning techniques. Our method of proof uses only elementary
techniques.

Keywords: Generalized Continued Fraction, Euler number e,
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Anaarna. Illlexreyci3 y3aikci3 Gemnmekrep Teopusichl EBkimma cexini
06.3.1 300 >xpm1 OypbIH KOJJAHBICKA €HIeH CaHJap TEOPUACHIHBIH €CKi
TapMaKTapbIHbIH Oipl Ooibin TabbuIaabl. Kol y37iKkci3 OeeKkTep TeopusChl
HIEKTEYCi3 Y3/AIKCi3 OeIeKTepre KaparaHaa KeHipeK JaMbIFaH KOHE KONTEereH
cajaiiapia ©31HIH KOJIJIaHBICBIH TamnkaH. byn wMakamama 013 oenrii
MaTeMaTHKAJIbIK TYPAaKTbUIAPJBIH KOPIHICIH HIEKTeycCi3 Y3IIKci3 OelieKTep
apKBUTBI KapacThIPaMbI3 KoHE DUJIep KOHCTAHTACHI €-HIH TOMEHIET1 MEeKTeyCi3
y3aikci3 Oemnmektep GpopmynackiHa COMKEC KENETIHIITIH JoNeaeiMi3.

e __,, L 4 8 12
-2 -2+ —4+-6+-8+""

byn www.RamanujanMachine.com calThIHIa MAaIIMHAIBIK OKBITY OMICTEPiH
KOJJIAHBIN jKacaJiFaH OoJpkaMmuapAblH Oipi. bi3giH momenmey ofici  Tek
KapamnaibIM oficTepi KOJIAaHa IbI.

Tyiiin ce3mep: Illexreyciz y3mikci3 OemmiekTep, € Dilep CaHbl,
Pamanymxan mammHacel, CaHgap TEOPHUSCHI
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AHHoTanus. Teopuss HempephIBHBIX ApoOeH - OAHAa M3 CTapeHImx
obmacreit Teopun yucel, Bocxoasmas K Eskiauay 300 r. 1o H. 3. B oiinuune ot
0000IIEHHBIX LIEMHBIX Ip0o0Oei, TEOPUS MPOCTHIX HETPEPHIBHBIX IPOOEH XOPOIIO
pa3BUTa U HAXOAUT MHOKECTBO NMPUMEHEHUI B pazNu4HbIX oOnacTsax. B aroii
CTaThe MBI PACCMATPUBAEM MPOOIJIEMY JIETAHTHOTO MPEICTABICHHS H3BECTHBIX
MaTeMaTUYeCKUX KOHCTAHT C MOMOUIbI0 0000IIEeHHON MenHoi apodu u
JTIOKa3bIBaeM, 4TO IMIOCTOSTHHAS DiJiepa € yIoBiIeTBopsieT popmyse 00001meHH O
IEMTHON ApooH

e __,, L 4 8 12
-2 -2+ —4+-6+-8+""

D10 OJHa W3 T'MIIOTE3, CO3JAHHBIX Ha caiite WWW.RamanujanMachine.com c
WCIIOJIb30BaHNEM METOJI0B MAalTMHHOTO 00y4eHus. Hanr MeTo 1 joka3aTenbcTBa
UCIIOJNIB3YET TOJIBKO JIEMEHTAPHBIEC TPUEMBI.

KuioueBnble ciaoBa: O600mieHHbIe 1enHbie Apoou, [loctosiunas Ditnepa
e, Mammuua Pamanxana, Teopus uucen

1. Introduction
Infinite (generalized) continued fractions have the form

b, + %
O p +—2

by+—23

b3+..

for the given sequences (a,,) and (b,,) of integers. For simplicity of notation we

instead write

by
by + b, + b3+

We say that a real number x has a continued fraction representation as in (1) if

. Ap
x = lim —,
n-oo n

where for any n we define the approximants A4,,, B,, by

A, a a; as an
B, b; + b, + b;+ +b,

(2)
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When a,, = 1and b,, € N for all n, it is called the simple continued fraction
expansion, one of the well-studied fields in number theory. Simple continued
fractions yield unique representations for irrational numbers, with the
approximants being the best rational approximations. However, when a,,’s are
allowed to vary, the representations are not necessarily unique which provides
opportunities for finding elegant generalized continued fraction representations
of the given number. Euler himself obtained [4] simple continued fraction
representation of his famous constant e. One of the well-known continued
fraction representations for e is given by

+1 2 3 4
14+2+ 34+4+7

e=2

Recently, researchers have created a program [3] that independently
generates representations of mathematical constants, such as e and m, in the
form of infinite continued fractions, without proof. The generated expressions
resemble formulas obtained by a mathematician of the beginning of the 20th
century Ramanujan. The algorithm is called "Ramanujan Machine" and the
method of finding expressions is a new approach, reminiscent of the intuition of
mathematicians rather than the logic of formal proofs. From a technical point of
view, the Ramanujan Machine is a distributed computing program that
iteratively finds expressions with continued fractions, combining algorithms of
meeting in the middle and gradient descent. Both algorithms work by gradually
selecting an increasingly accurate numerical value, therefore the result is only
unproven hypotheses, the truth of which must be strictly confirmed by other
methods.

In this note, our goal is to prove one of the conjectures listed in
Ramanujan site. To this end, our main result is the following.

Theorem 1. The Euler constant e satisfies the following continued
fraction representation

In the next section we prove Theorem 1 using elementary tools. The idea is based
on transforming the problem into series representation of e.
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2. Proof of Main Result
In this section we prove our main result, Theorem 1. It is easy to see that
the approximants A, and B, given in (2) satisfies the following difference
equations with non-constant coefficients

Ap =bpAn1 +aydn_2,By =byByp 1 +ayBp,,n21,
)

A_1 = 1,A0 = bO'B—l == O,BO = 1,
3)

where the sequences (a,) and (b,) are coming from the continued fraction
expansion. Thus, provided that 4,,, B,, are found, one obtains x by taking the
limit of the quotient A,,/B,,. However, computing closed form arrangements to
distinction conditions as in (2) with variable coefficients a,,, b,, is troublesome.
A basic approach is to figure out the closed form of A,, and B,, from the primary
few terms and demonstrate it utilizing mathematical induction. Lately, this
approach was utilized in [1] and in [2] to demonstrate one of the numerous
conjectures on generalized proceeded division development for Euler number e
listed in [3].

Using the similar approach, we prove one of the conjectures for e,
Theorem 1. The first step is to recovery the a,, b, terms. Take the recursive
formula of 4,, and B,, implementing (2) and (3). Calculate the first few terms
of A,and B, and use OEIS website to seek for possible closed-form
representations of A, and B,. The next step is to prove the formula utilizing
mathematical induction. Finally, take the limit of the quotient and show that it
equals the desired conclusion.

Proof of Theorem 1.

Let a,, and b,, be given as in Theorem 1. We recall the initial conditions
A_;=1,A,=by,B_; =0,B, =1 and note that:

bO = _1, b‘l’l = _Zn,
a, =1,a, =4(n—-1).
Substituting into (2) and using (3) we see that

(A,) = (3,—16,120,—1152,13440, ...).
The search from https://oeis.org/ website using the first 5 terms of A,, yields
exact match with the terms of the sequence A187735 which has the following
closed form representation

A, = (D" 12" (n + 2)n! (3)
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which still requires a proof. Next we see that B,, satisfies
B, = (1,—2,12,—88,848,-9888, ....) (4)

We see that B,, can be represented as a product of OEIS sequence A000255 with
(—=2)™. More specifically, we have

(n+ 2)n!
=

By = (=2)" (5)

where the symbol [ ] stands for the nearest integer. We still need to justify (5).

We now turn in proving (3) using mathematical induction. It clearly holds for
the basis step. More specifically, the first two terms satisfy

Ag = (=1)°712071(0 + 2)0! = —1,
A = (- 121711 4+ 2)11 = 3.

Now, letus assume A, = (=1)* 12k (k + 2)k! Vk <n,n>1landsetk =
n + 1. Using the recursive relation, we get

Ani1 = bpi1An + Anp1Ang
= —2(n+ (D" 12" (n+ 2)n! + 4n(-1)" 22" 2(n+ D (n — 1)!
=(-D"2"(n+2)(n+ Dn!' + (D" 22" xn(n + 1)(n — 1)!
= (-D"2"(n + 2)! + (1) 22" (n + 1)!
=(-D"2"(n+ D! (n+2+ (-7
=(=D"2"(n+ D! (n + 3),
which finishes the proof of (3) by mathematical induction.

We turn in justifying (5). We use a simple change of variable to show that our
recursive relation (2) for B, is equivalent to the recursive relation provided in
OEIS site for the sequence A000255, namely

am)=n*an—1)+ (n—1)* a(n—2),a(0) = 1,a(1)
= 1 (6)

To this end, we substitute B, =(-2)"C,, n=1 into (2) with
b,+1 =—-2(n+1)and a,,, = 4n and obtain

(_2)n+1Cn+1 = —Z(Tl + 1)(_2)ncn + 4n(_2)n_1Cn—1'
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Which simplifiesto ;1 = (n + 1)C, + nC,_;, n=>10r
Ch=nCh_1+mn—-1)C,u_p,, n=2

with initial conditions C, =B, =1 ,C; = f—; =1. It follows that C, is
equivalent to (6), the recursive relation from OEIS website corresponding to the
sequence A000255. On the other hand, OEIS also provides the formula for

A000255 proposed by Simon Plouffe, March 1993:

c - l(n + 2)n!

n p l vn > 1.

Thus, we conclude that

B, = (=2)"C, = (=2)"

2)n!
l(n +e n l o

It remains to show that A, /B, tends to the desired limit —e/2. Using the fact
that [ ] is the nearest integer symbol, we may write B,, as

(n+2)n!
("

B, = (=2)" + e(n)) where —0,5<¢(n) <0,5. (8)

Using (3) together with (8) we arrive at

i A _ D2+ 2)n! e _ e
now B, —2yn ((n+ez>n! N g(n)) T (=2—e¢m)/((n+2)n) -2

This finished the proof of Theorem 1.

3. Conclusion

In this paper, a special representation of numbers called continued fraction
is studied. The continued fraction has a rich history and it is one of the most
striking and powerful representations of numbers. For e, a continued fraction
expansion often reveals beautiful number patterns which remain obscured in
their decimal expansion. In our work we tried to prove some new continued
fraction identities for Euler constant e which has taken from Ramanujan site. The
proof here is direct and elementary, where we use the recursive formula to derive
closed form formulas for the convergents of particular continued fractions.
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