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YIBYPLIIITBIH BUCCEKTPUCACDHI, MEJTUAHACBHI JKOHE
OJIAPABIH KACUETTEPIH MTAUJAJIAHBIII KYPJAEJII
IF'EOMETPUAJIBIK ECEIITEPAIH INEITY TOCIJIAEPI

Anjarna. Kanner reOMETPUSIIBIK ecenTepaiy JKapTHICHI
yIIOypheimTapra OalmaHbICTBl OONBIN Kenedi. AJ, CON €cenTepiH TaFbl Ja
JKAPTBICHI  YIIOYPBIITAPABIH ~ OWCCEKTPHUCACHl  KOHE  MeauaHajlapblHa
OaiimanpicTbl Oombil Keneni. Ocbkl MPOLEHTTEPIiH 631, OoJslaliak MeKTen
MaTeMaTHKa I9HI MyFaliIMIEpiH JAaiblHAay OapbIChlHAA YILIOYPBIIITAPIbIH
OucceKTpucachl, MeIMaHachl )KOHE OJapblH KacHeTTepi JKailsibl ecentepre Ko
KOHL1 06y KaXeTTUliKTepiH Ouiaipeai. Makana, ochlHIail MaHbI3bl MACeJIere
apHaJIFaH. Makanazna YIIOYpPBILITapbIH OuccexTpucanapbl MEH
MeJIMaHaJapPBIHBIH Op TYPJil KOMOWHAIMSJIAPhl HETI3IHIE IIBIFAPBLIATBIH P
TYpPJII MarblHAJAFbl €CEeNTep/i IIbIFapy TOCUIAEpl KapacThlpbulFaH. Makaia,
OYTriHri )oHe OoJlalaK MaTeMaTuKa IoHAepl MyFaliMIepiHe apHaJFaH.

Tyiiin ce3nep: ecer, ymOypslIi, YIIOYPBIITEIH 3JI€MEHTTEpl, OyphIl,
OYpBILITHIH OHCCEeKTpUCAChl, YHIOYPBIITHIH OUCCEKTPHUCACHI, YIIOYPBIIITHIH
OMCCEKTPUCACHIHBIH ~ Y3BIHABIFBI,  YIIOYPBIITHIH ~ OUCCEKTPUCACHIHBIH
KacueTTepli, YIMOYpHIITHH MEIHMAaHAChl, YHIOYPBIITHIH  MEIHaHCHIHBIH
Y3BIH/BIFBI, YIIOYPBIIITHIH MEAHAaHACBIHBIH KaCHETTEPI.

*k*k

AnHoranusi. [lomoBuHa OOMMX TEOMETPHUYECKUX 3a7ad CBsA3aHA C
TpeyroJbHUKaMHU. A ellle TOJIOBUHA TEX K€ 3a/1ay CBs3aHa C OMCCEKTPUCOH H
MEINaHON TPEeyroJbHUKOB. Torga 3Th mokaszareiv, B MPOLECCEe MOATOTOBKHU
OyoyluX IIKOJIBHBIX YUYUTENIeH MaTeMaTUKd, TPeOyIT MOBBIIICHHOTO
BHUMAaHUS K 3371a4aM 0 OMCCEKTPHCE TPEYTOIHbHUKOB, MEIMAHE U UX CBOWCTBAX.
B cratbe paccMoTpeHBl CIMOCOOBI pEIICHHs 3373y Pa3IMYHOTO 3HAYCHWS,
KOTOpPBIE€ PEIIAlOTCSI Ha OCHOBE BCEBO3MOXKHBIX KOMOWHAITUN OWCCEKTpHUC U
MEJIMaH TpPEYroJbHUKOB. OJTa CTaThsid NpeJHa3HAYeHa [JIsl HBIHEUIHUX U
OylylIMX y4YUTeJIeld MaTeMaTUKH.

KuroueBble ciioBa: 3a1aya, TPEyTroJAbHUK, JIEMEHTHI TPEYTOJbHUKA,
yroj, OWCCeKTpuca yria, OMCCeKTpHca TpPEyrojbHUKA, JJINHA OWCCEKTPUCHI
TpeyrojbHUKa, CBOWCTBA OMCCEKTPUCHI TPEYTOJIbHUKA, MEANaHa TPEYTOJIbHUKA,
JUTMHA MEIMaHbl TPEYTOJIbHUKA, CBOMCTBA MEIUAHbI TPEYTOJIbHUKA.
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Abstract. Half of the common geometric problems are related to
triangles. And half of the that problems are related to the bisector and median of
triangles. So in the process of training future school teachers of mathematics,
require increased attention to problems about the bisector of triangles, the
median and their properties. The article considers the ways of solving problems
of various meanings, which are solved on the basis of different combinations of
bisectors and medians of triangles. This article is intended for current and future
math teachers.

Keywords: task, triangle, elements of the triangle, angle, the bisector of
the angle, the bisector of the triangle, the length of the bisector of the triangle,
properties of the bisector of a triangle, the median of the triangle, the length of
the median of the triangle, properties of the median of a triangle.

JKaunrel, MeKkTen OKyIIbUIAPHI, CTYACHTTEP, MAarUCTPAHTTAp JKOHE OacKa
Jla TEOMETPUSIIBIK Mocesesiep OoMbIHIIA OUTIM alyFa TaJIbIHYLIBUIAP Caraibl
reoMeTpusuiblK OutiM any yimriH YHIBYPBIII mocenecin 3eprreynen Oacray
kepek. Here? OHbIH eki yikeH ce6ebi 6ap. bipiniuici, ymlypsli aereH ¢urypa,
O] — ©3 aTbl alThIl TypraHAal ym OypblUTaH Kypajaabl. Aj, Oypblil
TC€OMETPUSHBIH ~HETi3rl YFbIMBbl  (TCOMETPUSHBIH JKOHE OHBIH  IIHJE
IUIAHUMETPUSIHBIH HETri3r1 YFbIMIApbl — HYKTE, TY3Yy, >a3bIKTBIK) OOJIbIN
taOblIMaca Aa eH OacTbl yFeIMaapbiHbIH Oipi [1]. Bypseimsr xox ¢durypa
reoMeTpHsiia TeK KaHa FeOMETPUSHBIH 0acTbl YFhIMJApbIMEH KaTap, KeCiHl,
TY3YAiH OejiKTepi, ChI3BIKTAp, JAOHIeJeK >KOHE OHBIH MLIeKapachl — IIeHOep
HEMece JIOHTeJICKTIH KeHO1p 2JIeMeHTTepl FaHa. AJl, emMip e OYpHIII kKOK xKep Oap
Ma ekeH ...7 ExiHmijgeH, ymoypbll — Ke3 KeJNreH TOPTOYPBIIITHIH (IIapIlbl,
TIKTOPTOYpHIII, pOMO, Tparenus, napauienorpamm, Ke3 KeiareH TepTOyphI),
0eCOYPBIITHIH, AITHIOYPHIIITHIH XKoHE T.0 IUaroHajbAapbl ChI3blIca Maija
OonateiH ¢urypa. Cos CHSIKTHI YIIOYPHIII KSHICTIKTIK JeHeIep iy ae Herisi [2].
OcwiHpait  karnmaiimapra  OaimaHBICTBI  OUTIM  AyIIBUIAPIBIH
reOMEeTPHSUIBIK OUTIMIEPIHIH HEri3l oJapJblH YIIOYPHIII >Kalibl OumimMzepi
HET131H/Ie KaJIBINTaca/ibl JeCeK KaTeecneimi3 1en onnaiMel3.
1. ABC ywobypsvruvinoa AD 6uccekmpucacol BC Kabwvipeacovin BD : CD =
2 : I kamwinacwinoa 6enedi. CE meouanacwl 6yn buccekmpucamul
Kanoail kKamvinacma 6enedi? [3]

. . A
bepinceni:
BD:CD=2:1
AO E
oD »
o)
B D C
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Hlewyi:
EC meouana, onoa BE = AE

AB BD

AD Guccexmpuca, onda buccexmpuca Kacuemi 6otivinua AC — CD

A
AB _BD 2 dA

AC CD 1

AB 2

AC 1 E
AB =2AC .

AB = BE + AE = 2AE

2AE = 2AC B 5 c

AE = AC, onoaACEywoypviwst menoyuipai. ACE yubypoiwvt meyoyiipi
oonzanovixkman AO api Mmenuana, api ouixmix o6onaodwl. Conovikman EO =
OcC.

D nykmecinen CE kecinodicine napanienv my3sy icypeizetlix,
AB gabvipeacvin F HykmeciHOe KUCIH.
Onoa MEO=~AAFD . 10 ABDF =~ ABCE

yKcac yuoypviuimap naoa 60ao0bi.

BD DF BF
ABDF ~ABCE = BC CE BE

BD _2
CD 1

BD = 2CD
BD:BC—CD:BC—%

BD + 22 — BC
2
BDZEBC
3
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2
BF 3
BE BC
BE-EF 2

BC

BE 3
3BE - 3EF =2BE

BE =3EF
BE = AE =3EF

AE _EO _AO
AAEO~AAFD = AF FD AD

AE _ AO
AE+EF  AO+0D
3EF  AO
3EF +EF  AO+OD
3EF _ AO
4EF  AO+OD
AO 3
AO+OD 4
4A0 =3A0 +30D
AO =30D
o _,
oD
XKayabwr : AO:0D=3:1
2. ABC ywoypovuuvinoa AH 6uccexmpucacer BE meouanacvin BK : KE =
2 kamwinacwvinoa 6enedi, an ACB oypviust 45°-xa mey. BCE
YVUOYPbIUbIHbIY 0Cbl YULOYPLILUKA COIPIMMALL CbI3bLIAH WeHOepOiH
ayoanvina KamolHacolH maovinsls [4].
bepinceni:

AE =CE

¢2BAH = 2CAH

£ACB =45°

BK:KE=2

—SBCE =7 B H
SmeHGep
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Hlewyi:
ABC ywobypviwvinoa BK : KE = 2, aenu BK = 2KE owcone BE meduana.
Meouananapoviy Kuvliycol Hykmeci MeIUaHalapblH TeOeciHeH Oactam 2:1
KaThIHACBIHAA Oeseni, neMek K HykTeci MeauaHalapIblH KUbLLYCbl HYKmeci,
onoa AH o6uccexmpucacvt 0a meduna 6onaovi. Eeep AH 6uccekmpuca api
meouana 6onca, onoa ABC menobyiiipni yuoypoiuw AB = AC 601adwvl.
AH — buccexmpuca scane meouana 6oiaca, onoa on api ouikmix me 601a0bl.
Jlemex £AHC = 90°, £ACB = 45°
boneanovikman LCAH = 45°,
2CAH=2£BAH =45° £BAC=CAH + £BAH =90° onoa ABC mix6ypsiuimul
meHOyuipai yuoypolu.

AB = AC = @9en anatvi, onoa BC cunomenysacot a\/E bosaovl
a

AE = CE = 2

BCE ywbypviuusinoa kocunycmap meopemacst 60UblHULA

BE? =BC? +CE?2 - 2BC - CE c0s45°
=(a\/§)2+(2j -2 af a f

2
E?=2a%+2 _g?
4

2
BE2 = 22
4
BE:‘/ga

BCE ywbypviuvinoa cunycmap meopemacwt bovvinuia, R - BCE yubypoluvina

CoIPMmMAil Coi3blieaH ulenbepoiy paouycol
BE

sin45

2R =

2R =

SFENICNE

SiE
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1 ) 1 a 2 a’
—BC-CE-sin45 =av2-—-— —
Spce _ 2 _2 2 2 _ 4 _@a 8 2
Su«enﬂep ﬂRZ 5a 2 58.272' 4 SaZﬂ' 572'
242 8

Sper — i

JKayabwi: Suaiey 7

3. ABC cyiiip oypviuumul yuibypoluvinovly AD 6uccexkmpucacel dicone BE
ouikmizi O nHykmecinoe Kuwinvicaovl . L{enmpi O nyxmecinoe opHanackat
paouycol R men wenbep A mobeci, AC KabvipeacviHbly opmacul sxcane AB
Kabvipeacvinviy AK:KB=1:3 6onamvinoati K nykmeci apxviivi emedi. BC
KaObIp2acblHbll Y3bIHObIEbIH Mabbiybl3 [5]. B

bepinreni:

BE L AC

AF =CF
AK:KB=1:3

R wenbep paouycol

BC=7?

Hlewyi:

O wenoep yeumpo,, AO = R wenbep paouyce,, OFE L AF,
erep wenbepoiy MuaMeTpi xopoasa nepneHOuxyiiap 0601ca, OHIA ON XOpJaHbI
TeH eki Oenikke Ooieni, nemexk AE = EF B

AE =EF = 2 pen anaiiblk
AF=CF=2a, AC=4a

Lllenbepoe KH oicone FH xopoanapuin scypeizetiix
AH ouamemp 6oneanovikman £LAKH = 2AFH = 90°
OHOa yuoOYpulumvly menoiciHiy eKiHwi Oencici
oouvinua AAKH = AAFH, demex AF = AK =28

AK 1

KB 3 0
2a 1 g
KB 3

KB =6a

WF
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AB =82

AABE : AAOE :
cos ZOAE = %

cos ZBAE = E a

AB cos ZOAE = —

a R
cosZBAE=£ a=R-cos ZOAE
cosLBAEz1 a:R-§

8 4
/BAE =2,0AE

\/m
cosa =
cos ZOAE —\ ?8
9
cos ZOAE = |—
16

3

cos ZOAE = Z

ABC yubypvluubinoa Kocunycmap meopemacsl OOubIHuA
BC® = AB® + AC® - 2AB- AC/BAE

BC? = (8a) +(4ay —2-8a-4a%

BC? = 64a” +16a® —8a®

BC? = 72a*
_72 E j
4
)
4
BC = [72.2R?
16
9
BC = R
V2
BC - gf
Kayabuol: 2

4. ABC ywbypviuvinoa y3uiHOvlKmapwvl 4-2a mey BE buccekmpucacwi
meHn AD meouanacwol nepnenouxynap. ABC yubypviuibiHbly
KaObIp2anapulHbll Y36lHObIKmMapsli mabdwviywls [6].

bepinceni:

AD=BE =4
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B
£ABE = 2CBE
BD = CD D
AB=? BC=? AC=7?
Llewyi: A c

ABD ywobypviuvinoa BF api buccexkmpuca, api buixmix 6012aHObIKMAan ol api
Mmeouana 6onaovl, demex ABD yubypouuvt menoytipai AB = BD.

B
AB=BD=DC= 2

AD =4, onna AF =DF =2

A C
BE kecinoicine D nyxmeci apxwvinsi

napannenv my3y ocypeizetiix, AC xecinoicin K nykmecinoe KucboiH.

BCE ywoypviuvinoa BE || DK oicone D nykmeci BC Kabvip2acwibii opmacsl
boneanovikman DK yulOypwiuubiHmoly opma cvl3viebl, OHOA

O S

DK= 2BE= 2

ADK ywbypvuuvinoa EF || DK oicone F nyxmeci AD Kabvip2acvlHblH 0pmacol
ooneanovikman EF yubypuliiubinmoly opma cbi3vizvbl, OHOA
1 1

= =.2=1
EF= 2DK= 2

BE = BF + EF
4=BF +1

BF =3

BED mixoypoiuumuol yubypoviuiviHoa nughacop meopemacsvt 60UbIHUA
BD? =BF?+DF?

BD? =32 4 22
BD? =13

BD =413
AB:BD:‘/E’
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BC = 2BD = 2V13

AFE mikoypoiuumet yuubypwiuibinoa nugazop meopemacst 60ublHuLA
AE? = AF? + EF?

AE? =27 1+1°

AE? =5

AE =5

ABC mixkoypviuumol yuoypwitubinoa buccekmpuca Kacuemi 60ublHuA
AB AE

BC CE

V13 AE

2J13 CE
CE = 2AE

ce= 25
AC = AE + CE= \/§+ 2./5_ 3.5
Kayabvi: AB = V13 . BC= 2\/1_3, AC = 3V5

5. ABC cyuip 6ypviuumul yuibypviwvineiy AD buikmizinoe M nyxmeci
anvinowl, an BP ouikmicinoe BMC acane ANC oypviuumapol mik
oonamvinoau N nykmeci anvinovl. M sicone N
HyKmenepinin apakambIKTbIFs 4+ 23, MCN Gypoiust 30°. CMN
yuwbypouuvinviy CL 6uccekmpucacviivly Y36iHObIebIH Madbiysi3 [1].

Bepinzeni: 3

MN = 4+2\/§
£ MCN = 30°
£ ANC = 90°
Z BMC = 90° CL="7?
D
M
Llewyi: A p ¢

BMC T1ikOypseImThl ymoypsibsHaa MD Tik OyphIIbIHAH KYPri3iireH OHiKTiK,
OHJIa METPUKAJIBIK KaTBIHACTAP OPBIH/IAIA b

MC?=CD-BC

ANC TixOypbiuThl YmOypsimsiaaa NP Tik OyphIlIbIHaH KYpPri3iireH OWiKTIK,
OH/Ia METPHUKAJIBIK KATBIHACTAP OPBIH/IAIa bl

NC*=CP-AC

BPC TikOypbIThl YIIOYpHIIIBIHAA
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C
cos ZC = E
BC

ADC TikOYpbIITH! YIIOYPBIIIBIHIA

cosZC = C—D
AC

Ch CP
AC BC
CP-AC=CD-BC
NC? = MC?

NC =MC

cos/C =

\ \
N T T M
L

NC = MC  Oonrangeiktan CMN  ymOypseimel  TeHOYHipai onga CL
OMCCEKTpUCACHIOpP] MeIUaHa, 9pi OMIKTIK O0Iaabl

MN = 4+2\/§
MN = NL + ML = 2NL
NL=ML= 2++3

£ MCN = 30°
CL Ouccektpuca 6onraHAbIKTaH
£NCL = 15°
£ MCL = 15°
NCL TikOypbIITH YIIOYPBIIIBIHIA
we=g tg45° ~tg30° 13 3-43
2CLJ§ tg15" =tg(45" —30" )= : SEYEN B
tg15° = EL 1+tg45 t930 1+ﬁ 3+\@
o - +3) 3
tg15
3++/3
CL=(2++3)
( + ) 3_3
3++/3 3+4/3 (3++/3)?
cL=(2++3) : —(243) VS
e+v3) T S = a) B
_ (2+\E)(96+ 6+/3+3) _ 6(2+\@E)5(2+\@) (24 3) =

=4+43+3=7+443
XKayalbr: CL=7+43
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6. Tenbytiipni yuOYpoluublHbIE MEOUAHANAD MeH OUCCEKMPUCATIAPLIHBLY
KUbLIbICY HyKmeaepi apaculH0azvl Kaublkmulk 2-2e mey. Ezep
yuoypoluuka iwumetl coi3vlieaH uienoepoiy y3viHovievl 207 6onca,
yuoypviuumoiy nepumempin anvikmansiz [8].

bepinceni: L

AB =AC
Cmef;ﬁep =207

B
MN =2
AD, BE, CK - meouananap

A
F
E
N
c
D
A
AD, BF, CL — 6uccexmpucanap
M - buccekmpucanapovly KUblivlcy HyKmeci
N - meduananapoviy Kublivicy HyKmeci <
E
L F
N
c
D

Pagc =7

Hlewyi:

1 scazoain: ABC oozanoypviuumer menoytiipai yuoypoiut AB = AC.
ABCmenbyiiipni yubypoiubonzanovixmar AD api meduana, api buccekmpuca
arcone ouixmix 6oaaow [9].

BD =CD

2ADC = 90°

Buccexmpucanapoviy Kuviivicy HykmeciymOyphIIKa 1TeH ChI3bIIFaH
meHOep/IiH HEeHTPHI, 1eMeKk M HYKTeci meHOepaiH [eHTPHI

AD BC-ra nepreHIuKyJIsp XoHe OIIIeHOEPIiH IEHTPHI

apKpuTbl 0TKeHIikTeH MD pammyc 6onazbl, D sxanacy HykTeci

C=27r,r - meHOepaiH paguycChl

207 — 27y A

r=10, MD =10
ND=MD-MN=10-2=38
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N - meduananapoviy Kuviivicy HyKmeci d#come 01 HYKTE MeIHaHaIap.IbI
teOeciHeH Oactan 2:1 katbiHackiHga 6eneni. Jlemek AN =2ND, AN =16
AM=AN-MN=16-2=14

AD =24

AC gabwipeacvinan wenbepmen scanacamoli P nyxmecin anaiiviy, MP paouyc
JiCoHe 0J1 KaHaCy HYKTECIHE MePHeHAUKYISIp Oomaabl.

Ocwvioan CP = CD

APM mixoypoluumul yulbypoluisinoanugacop meopemacsi 60tubIHUA

AP? = AM? — MP?

AP2 =14% —10?
AP? =96
AP =/96 = 46

AC kabwvipzacein @ den anaiivix, onoa CP = AC — AP = & 4‘/6
cP=cD=a_4/6
ADC mikoypviumsl yubypwiublHOanugpazop meopemacsl 6OUbIHULA
AC? = AD? +CD?
a? =24% + (a—4/6)*
a? =576 +a* —8a/6 + 96
8a/6 =672
a [ J—
J6
a=14/6
AB=AC = a= 14\/5
BD =CD
BC=BD +CD=2CD=2(a- 4/6)=p14/6_ 4V6) = 20V6

Pasc =AB + AC+BC = 14\/€+ 14\/64_20\/6 — 48\/6

2 acazoan: ABC oozanbypviuumsr menoyiiipai yuoypoiu AB = AC.
ABCmenbytiipni yubypoiumbonzanovixkmar AD api meouana, api buccekmpuca
orcone ouikmix 6onaowr [10].

BD =CD

£LADC = 90°

Buccexmpucanapoviy Kuvlivicy nykmeciyIOyphIIIKa iTeil ChI3bUIFaH
meHOEPIiH IEHTPHI, IeMeK M HyKTecl meHOepAiH [eHTPHI

AD BC-ra nepnieHANKYISp KOHE ONIICHOEPIIH

LIEHTPBI apKbLIBI 6TKeHIIKTeH MD pannyc 6omaasi, D sxkaHacy HykTeci
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A

C=27r,r - meHOepaiH paanychl

20 27y

r=10, MD =10

ND =MD+MN=10+2=12

N - meduananapoviy Kublivicy HyKmeci jHcome
01 HYKTE MehaHaIap/bl To0eciHeH K E
Oacramnr 2:1 KaTeIHACBHIHIA OOJIEMI. L
Hemex AN =2ND, AN =24
AM=AN+ MN =24+2=26

AD =36

- T

B D C
AC gabwipeacvinan wenbepmen scanacamoii P nykmecin anaiivix, MP paouyc
Jicone 0J1 JKaHaCy HYKTECiHe epreHauKysp 6omaast [11].
Ocwvioan CP = CD
MPF mixoypviuumel yubypolusinoanughazop meopemacvl OOUbIHUA
AP? = AM ? — MP?

AP? =26 -10°
AP? =576
AP =./576 =24

AC gaovipzacein @ 0en anativig, onoa CP = AC — AP = 224
CP=CDh=12a-24

ADC mikoypviuimsl yuubypwiubiHoanugpazop meopemacsl OOublHuLA
AC? = AD? +CD?

a’=36%+(a—24)°

a®=1296+a’ —48a+576

48a=1872

a=39
AB=AC=2a=39
BD =CD

BC =BD + CD = 2CD = 2(2— 24) = 2( 39— 24) = 30
Pasc = AB + AC + BC = 39+ 39 + 30 = 108

Kayabwvr : Pasc = 108  orcone  Pasc = 486 .
IMajiinaapIHBLIFAH J1e0ueTTep Ti3iMi

1 KaiiergOoaes XK.T. XKarteiry, ecenm ... «MartemaTtnka xoHe Dusmka
KypHaibe» Ne3, 2017.  2-4 6.
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